We study prime divisors of various sequences of positive integers A(n) + 1, n = 1,...,N, such that the ratios a(n) = A(n)/A(n − 1) have some number-theoretic or combinatorial meaning. In the case a(n) = n, we obviously have A(n) = n!, for which several new results about prime divisors of n! + 1 have recently been obtained.
Introduction
We denote by P(m) the largest prime factor of a positive integer m.
Let N ≥ 1 be sufficiently large. Assume that a sequence of positive rational numbers a(i) for i = 1,...,N is such that
a(i) (1.1) takes integer values for every n = 1,...,N. For several such sequences, we get lower bounds on the largest prime factor of the "shifted" products P(A(n) + 1). More specifically, we consider (i) products of consecutive values of an integer-valued polynomial g(X) ∈ Q[X]:
(ii) products of consecutive values of an arithmetic function
(iii) products of middle binomial coefficients 5) where q ≥ 2 is a fixed integer; or slight variations of those.
Our approach generally follows that of [3, 4, 6] , where similar questions are considered for n!. However, treatment of each of the above sequences also requires some specific ingredients.
Throughout the paper, we use the Vinogradov symbols , , and , as well as the Landau symbols O and o with their regular meanings. We recall that U V and U = O(V ) are both equivalent to the inequality |U| ≤ cV with some constant c > 0. Furthermore, we say that two functions U and V are "equivalent" and write
For z > 0, we use logz to denote the natural logarithm of z. For a positive integer k ≥ 2, we write log k z for the composition of log with itself k times evaluated at z. We use the letter p to denote a prime number, and π(z) to denote the number of prime numbers p ≤ z.
General framework
Here, we present our results in the most generic form even if this is somewhat technically cluttered. Our bounds are based on assumed growth conditions and divisibility properties of our sequences, which are readily available for many interesting concrete examples.
Throughout this paper, we assume that a(n) > 1 holds for all n = 1,2,..., and also that
2.1. Notation and preparations. Let d ≥ 1 be fixed integer. Our goal is to prove that there exist at least d positive integers n ≤ N such that P(A(n) + 1) is quite large.
For n ≤ N, we write
We remark that
We need two functions ϑ(p) and η(p) such that 
We define
We now write a(i)=u(i)/v(i) with coprime positive integers u(i), v(i), set h(i)=max{u(i), v(i)}, and put
Note that h(i) is the naïve height of a(i). Let ᏼ be the set of all the prime factors of
For a prime number p ∈ ᏼ, we write 
Proof. We can suppose that t(p,s) ≥ 2, otherwise there is nothing to prove. Using (2.5), we obtain that there must exist two integers n and m with 
we get that 
The number appearing on the right-hand side of the above divisibility formula is nonzero (because a(i) > 1 for all i = n + 1,...,m), therefore
which gives
and finishes the proof.
We remark that we have a simple upper bound on t(p,s), that is ∆(p). We choose to deal with a more general case, and we suppose that we have We put 
provided that N is sufficiently large.
Proof. We put 
and the proof in this case finishes by using 27) and the inequality (2.25). In the last chain of inequalities above we used, besides the inequality (2.21), also the inequality log log A(N) + 1 ≤ 1 + log logA(N) , (2.28) which is equivalent to the fact that A(N) e ≥ A(N) + 1, which in turn holds because
, we see that
Hence,
which together with the estimate (2.25) shows that the desired inequality holds if N is large enough.
General bounds.
We have the following theorem.
Theorem 2.3. Let d be fixed and let Θ(n) be an increasing function such that the inequality ϑ(Θ(n))
≤ n holds for all n ≥ 1. If N is sufficiently large and
then there are at least d positive integers n ≤ N with
Proof. We suppose that there are only e < d positive integers n ≤ N with P(A(n) + 1) ≥ Θ(n). We have
Since a(n) > 1 holds for all positive integers n, we infer that if we eliminate from each side of the above identity the terms that come from the e integers mentioned above, we obtain
Using (2.3) and Lemma 2.2, we obtain that if N is sufficiently large, then
from which we deduce 
for n → ∞, as well as
where λ is an arbitrary parameter in (0,1). Here, T −1 is the inverse function of T. Suppose further that
Proof. It is clear that T(N) tends to infinity with N (see, e.g., (2.39)). We assume that the inequality (2.41) does not hold, and conclude that for some λ ∈ (0,1), the inequality P(A(N) + 1) < λT(N) holds for all N > N 0 , where N 0 is some fixed positive integer. We now use Theorem 2.3 with d = N 0 + 1 and Θ(n) = λT(n) to get a contradiction. Recalling (2.1), we see that the hypothesis (2.37) implies that Note now that by the definition of ϑ(p) and our assumption, we have that T(ϑ(p)) > p for all primes p which divide A(n) + 1 for some n = 1,...,N. Hence,
Using the estimate (2.38), we get
.
(2.45)
Indeed, by the monotonicity and continuity of T, this is equivalent to 
Therefore,
(2.50)
Hence, from the estimates (2.48) and (2.50), we get
Since λ(2 − λ) < 1 for λ < 1, the inequality (2.31) is satisfied for sufficiently large N, which is the desired contradiction. 
holds.
Proof. We put
We note that the estimates (2.37), (2.38), and (2.39) are satisfied when the function T(x) is replaced by the function T 0 (x). The estimate (2.37) gives
We assume that the estimate 
It is clear that the inequality η(p) ≤ N holds for all prime p and by hypothesis, the inequality η(p) ≤ νp holds on a set of primes p of relative asymptotic density ζ. Note that when N/ν ≤ p ≤ λµ 0 N, only the inequality η(p) ≤ N is relevant. Thus, 
Hence, from the above estimates, we derive
holds for all λ ∈ (0,1), we see that the inequality (2.57) also holds, and now Theorem 2.3 yields the desired contradiction.
When no arithmetic properties of the sequence of numbers (a(n))
N n≥1 are known, we simply have to take η(p) = N and ρ = 0 for all primes p.
We recall that for any increasing function f ,
For example, suppose that a(n) is an integer for n = 1,...,N. In this case, a(n) = h(n) for all n = 1,...,N. Assume that
holds for n = 1,...,N, where α,β ≥ 0 and K > 0 are constants. Then
(2.66)
Applications
In this section, we give applications of our results to various sequences which arise in combinatorics and number theory. Typically, but not always, the growth conditions are readily available, while for several of them lower bounds on ρ have been given in [1] .
Number-theoretic functions.
Interesting results are obtained when the sequence a(n) has integer values and both loga(n) and logA(n) have mean values which are considerably smaller (by an order of magnitude) than their maximal values for n = 1,...,N.
In this section, we look at the instance in which a(n) is one of the classical arithmetic functions of n. Proof. Let
By the Turán-Kubilius estimate (see, e.g., [7] ),
we get that #Ꮽ 2 N/(log 2 N) 1/3 and #Ꮽ 3 N/(log 2 N) 2 . Since we also have that logω(n) log 3 N for n ∈ Ꮽ 2 and logω(n) log 2 N for n ∈ Ꮽ 3 , we get that
Since for n ∈ Ꮽ 1 , we have
we get the desired result for ω(n). The bound for Ω(n) follows from entirely similar arguments. We now denote by p α n the exact divisibility by p α (meaning that the p-adic order of n is α). Then
Since α ≤ logN/ log2 ≤ 2logN and there are O(N/ logN) prime powers p α ≤ N, we derive
By the Mertens formula,
We also have
which finishes the proof.
We are now ready to prove the following result.
Theorem 3.2. The following estimates hold:
Proof. Since n/ log 2 n ϕ(n) ≤ n and n ≤ σ(n) nlog 2 n, it follows that if a(n) = ϕ(n) or σ(n), then the estimate (2.64) holds with α = 0. The estimates for the products of ϕ(i) and σ(i) now follow from Corollary 2.4.
is the ith composite number (we need to skip prime numbers because of the condition a(i) > 1 used in Section 2), we apply Lemma 3.1 to get that
We take η(p) = N, ρ = 0, and use the fact that
to get that
14)
which gives the inequality for the products of ω(i).
The inequality for the products of Ω(i) is entirely similar, and the last inequality follows again by Lemma 3.1 together with the inequality
We remark that we could have taken, say,
, but such choices do not seem to lead to any substantial improvements. The widely believed conjecture asserting that the first prime number
, but otherwise would not lead to any improvements of the inequality of Theorem 3.2 for the Euler function either. Similar remarks apply to the sum of divisors function.
Polynomials. Let a(n)
In this case, the estimate (2.64) holds with α = 0, β = 1, and K = degg. Thus,
We can take ρ(p) = 1/3 (see [1] ), so T(n) ∼ 3n/2. Moreover, the set of prime numbers p such that the polynomial g(X) has a zero modulo p has a relative density δ > 0 (in the set of all prime numbers), by the Chebotarev density theorem. For such primes, we can take n(p) to be the minimum between N and the smallest zero modulo p of a(n), which is at most p. So, using Corollary 2.5 with µ = 3/2, ν = 1, ζ = δ, we obtain the following. 
Note that, by the Chebotarev density theorem, we know in fact that δ ≥ 1/(degg)!, and that it can be explicitly computed. When g(X) = X, we have δ = 1, and we recover the main result of [3] .
3.3. Motzkin, Schröder, and Bell numbers. Using Corollary 2.4, the above result allows us to write down nontrivial lower bounds for various numbers arising from enumerative combinatorics. Recall that Motzkin numbers m n count, for a positive integer n, the number of lattice paths starting at (0,0), ending at (0, n), which use line steps parallel to (1,0) (level step), (1,1) (up step), or (1,−1) (down step), and which never pass below the x-axis. The Schröder numbers s n are defined similarly except that the ending point of the paths is (2n,0), and the level step is (2,0). Finally, the Bell numbers B n count the number of ways of partitioning a set with n elements into disjoint nonempty subsets. Since a(n) satisfies (2.64) with α = 1 and some β ≥ 0 whenever a(n) is one of m n , s n , or B n , we have obtained the following result. The methods of this section apply to more general sequences such as hypergeometric, that is, of the form a(n) = n i=1 f (i), where f ∈ Q[X] is a nonzero integer-valued polynomial.
q-factorials.
We let q > 1 be an integer and set a(n) = q n − 1 for n = 1,...,N. The estimate (2.64) holds with α = 1, β = 0, and K = log q. We have also η(p) ≤ p − 1, by the Fermat's little theorem, for all but finitely many primes p (i.e., except for the prime factors of q). Moreover, ρ(p) ≥ 1/3 for all primes p (see [1] ). Therefore, we can take µ = 1/4, ν = 1, ζ = 1. Using Corollary 2.5, we obtain the following. 
